Sum rule for a difference of proton and neutron total photoproduction cross-sections 
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Starting from very high energy inelastic electron-nucleon scattering with a production of a 
hadronic state X to be moved closely to the direction of the initial nucleon, then utilizing ana- 
lytic properties of parts of forward virtual Compton scattering amplitudes on proton and neutron, 
one obtains the relation between nucleon form factors and a difference of proton and neutron dif- 
ferential electroproduction cross-sections. In particular, for the case of small transferred momenta, 
one finally derives sum rule, relating Dirac proton mean square radius and anomalous magnetic 
moments of proton and neutron to the integral over a difference of the total proton and neutron 
photoproduction cross-sections. 
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At the end of sixties of the last century Kurt Gottfried, 
by a consideration of the very high-energy electron- 
proton scattering and the nonrelativistic quark model of 
hadrons, has found a sum rule relating the proton 
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mean square charge radius 
netic moment — 1 
proton photoproduction cross-section in the form 



and the proton mag- 
to the integral over the total 
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where v is the energy loss in the laboratory frame, a is 
the fine structure constant and rup is the proton mass. 

Nowadays it is well known, that the Gottfried sum rule 
cannot be satisfied since the corresponding integral di- 
verges due to the known rise of the total proton photo- 
production cross-section at high energies. 

In this paper by means of a distinct way from the Got- 
tfried approach and considering the nucleon isodoublet 
(proton and neutron) simultaneously a new sum rule is 
derived, which relates Dirac proton mean square radius 
and anomalous magnetic moments of proton and neutron 
to the integral over a difference of the total proton and 
neutron photoproduction cross-sections. Thus the rise of 
both photoproduction cross-sections at high energies is 
mutually cancelled and the corresponding integral con- 
verges. 

In a derivation of the new sum rule we start also with 
a consideration of the very high energy electron-nucleon 
scattering 



photon exchange approximation matrix element takes the 
form 



M = ^l^uip[h,uiPl){X I J.«^^ I N^'-^)g'^^ (3) 

where (r) means a spin-state of the nucleon. 

If the Gribov representation ^ of the metric tensor in 
the photon propagator of lj2Jl is apphed 
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(4) 

where 

pi=pi- mlp/{2pip), p^p- ■m%pi/{2pip) (5) 

are almost light-like vectors to be used according to Su- 
dakov 3] for an expansion of the photon transferred four- 
momentum q 



q = I3qpi + aqp + q^, gi = (0,0,q), 
Pqi- = Pill- =0, q\= q^, 

for the corresponding cross-section one obtains 
Ana ,, ,, 



(6) 



do- : 
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2\2 PTPl ^ 



e-(pi) + 7V(p)^e"(p'i) + X 



(2) 



E E {N^'-^\J?''''\XY{X\jr''\N^^M7, 

X^N r=-l/2 



(7) 



with a production of a hadronic state X moving closely 
to the direction of initial nucleon. The corresponding one 



where summations through the created hadronic states X 
and the spin states of the initial nucleon are carried out 
and dr denotes the final state phase-space volume. Fur- 
ther, approximating square momentum of virtual photon 



^ We would like to thank S. B. Gerasimov for bringing this paper 
to our attention. 
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with 



si = 2iqp) = sjSq, 



(9) 



i. e., it is related to the invariant square mass of the final 
hadronic state by the relation 
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mx ^ si+ q + rrij^, 



(10) 



and transforming the phase space volume of the final elec- 
tron into the form 



1 dsi 2 



(27r)3 2s 



(11) 

one gets the final state phase-space volume in the form 



dr = 



d q^dTx; 



2s(27r 



(12) 



drx = {2nf5*{q+p-J2Pj)l[ 
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Besides, using the current conservation condition 

qf'iX I J^^^ I 7V('-)) 

« {P,Pi + q±r{X I J^«^^ I TV^'-)) - 0, (13) 
{ciqp gives a negligible contribution) one can write 



/ 
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X^Nr=-l/2 

{X I jQ^^ 1 7v('-))drx -KKa4^) = 



for 2m7vm7r -I- + < si < 8to^ -|- q^. Fortunately 
above the threshold p5|) total proton and neutron pho- 
toproduction cross-sections are almost equal and at the 
new sum rule one can integrate over them up to infinity. 

Now, substituting relation (|14(l into cross-section ex- 
pression and integrating over the phase space volume 
of the final hadronic state X, as well as over the invari- 
ant mass squared rrix, i- e., over the variable si fsee (|10f) '). 
to be interested only for q distribution, for a difference 
of corresponding differential proton and neutron electro- 
roduction cross-sections one finds (see Appendix D in 
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d2q 
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dsi 



"Wq^ + [meSi/sY 



f Imi(P)(si,q) 



Imi(")(si, 



(17) 



If one neglects the second term in square brackets of 
the denominator of the integral of p7|) (due to the small 
value of me and high s in comparison with si) and takes 
into account H16() for q together with the relation 

d^q = 7rdq2 one comes to the expression 
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^q^e^e^ Ai^f = 2i^-^q-' Imi(^)(si, q), e. = ^, 



(14) 



where just Cutkosky rules for s-channel discontinuity 
/\^(^) — 2i ImA^^-' of the corresponding Feynman am- 
plitude was applied. 

Here we would like to note that the amplitude A(si, q) 
by a construction is only a part of the total forward 
virtual Compton scattering amplitude A(si,q), which 
doesn't contain (unlike the amplitude ^(si, q)) any cross- 
ing Feynman diagram contributions. As a result there is 
no u-channel pole in A(si, q), which is a crucial point in 
a derivation of the new sum rule by using the analytic 
properties of the latter amplitude. 

Since the imaginary part of the crossing Feynman di- 
agrams is starting to be different from zero only above 



N 



one can write down an equality relation 



Imi(si,q) = Im^(si,q) = 4sif7j'' 



(si,q) 



(15) 
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similar to the difference of the total cross-sections of the 
electroproduction processes on proton _aiid neutron in the 
Weizsacker- Williams approximation 



( c p^o X/ \ c n^c X t \\ 

Y^tot ys) - fjtot (s) J 
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f dSl / -yp^X, N 711 — N 

J (Sl)-<t (Sl) 



(19) 



2mjv^7r+?Ti£ 



The analytic properties of the amplitude A(si,q) in 
si-plane are consisting of the one-nucleon intermediate 
state pole at si = q^, the right-hand cut starting at the 
pion-nucleon threshold si = 2mx'mT; -\- rn^ + q^ and the 
left-hand cut starting from si = — q^ — 8to|^. 

If one defines the path integral / in si-plane as pre- 
sented in Fig. 
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;)(si,q)-i(".^(si,q)) (20) 
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Si -plane 



Fig. 1: Sum rule interpretation in si plane. On subfigure (a) is drawn the contour C [see (20)], on the subfigure (b) is the 
contour C closed to upper and lower half plane. 



then once the contour C is closed to upper half-plane, 
another one to lower half-plane (Fig. ^) and considering 
(|14|l . the following sum rule 



TT (Res(") - Res(f) 



dsi 



(lmi(P)(si,q)- Imi(")(,si,q)) (21) 



r.h. 



appears with (an averaging through the initial nucleon 
and photon spins is performed) 



i?esW = 27ra ( FI 
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(22) 



to be the one-nucleon intermediate state pole contribu- 
tion and the left-hand [l.h.) cut contributions from the 

difference (^IvaA'^P^ — ImJi'"^^ are mutually annulated. 

Substituting H22I) into H21() and taking into account 
p7|l one comes to the relation 



(q2)2 / d(T<= P^<= ^ df7<= 



>c-X 



dq2 



dq2 



(23) 



For ~ the right-hand side is equal to zero, but the 
left-hand side is —1. This is caused by the following rea- 
sons. On the right-hand side we take into account only 
strong interactions effects and on the left-hand side the 
— 1 is given by nonzero proton charge, i. e., pure elec- 
tromagnetic effect. In order to separate the pure strong 
interactions from electromagnetic ones on the left-hand 
side of the sum rule one has to regularize the latter by 



adding in order to achieve the zero also there. As a 
result the sum rule takes the final form 



dq2 



dq2 



giving into a relation nucleon electromagnetic form fac- 
tors with a difference of the differential cross-sections of 
deep inelastic electron-proton scattering. There is a chal- 
lenge to specialized experimental groups (e. g., in DESY) 
to verify the sum rule if^ . 

Now, taking a derivative of both sides in (|24|l accord- 
ing to for — > and employing the relation IjlSI) one 
comes to the new sum rule relating Dirac proton mean 
square radius and anomalous magnetic moments of pro- 
ton and neutron 



(r 



(25) 



to the integral over a difference of the total proton and 
neutron photoproduction cross-sections (we used for lab- 
oratory frame si = 2Mnlu) 



4m^ 
do; 



{uj) (26) 



with Wat = -I- •m'^/2M]S!, in which just a mutual can- 
cellation of the rise of these total proton and neutron 
photoproduction cross-sections for ^ oo, created by 
the Pomeron exchanges, is achieved. It is straightfor- 
ward to see that this final sum rule is not influenced at 
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all by a renormalization of the left-hand side in (|24() by 
+1. 

Using the Dirac proton mean square radius from 
and proton and neutron anomalous magnetic moments 
from 8] , the evaluation of the left-hand side in H26|l gives 
(1.93 ± 0.18) mbarn. 

On the other hand the data on photoproduction cross 
section on the neutron are not so known as for the 
proton case up to now. Nevertheless, taking compila- 
tion of both of them from 0, and assuming that both 
total cross-sections are starting at the pion mass and 
are equal above the last neutron experimental point at 
uj — 17.84 GeV one gets on the right-hand side the value 
(1.92 ± 0.32) mbarn. So, the sum rule H26|) can be con- 
sidered to be satisfied. 
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